Abstract. We give a transparent description of the one-fold smooth suspension of Fintushel-Stern's exotic involution on the 4-sphere. Moreover we prove that any two involutions of the 4-sphere are stably (i.e., after one-fold suspension) smoothly conjugated if and only if the corresponding quotient spaces (real homotopy projective spaces) are stably diffeomorphic. We use the Atiyah-Patodi-Singer eta-invariant to detect smooth structures on homotopy projective spaces and prove that any homotopy projective space is detected in this way in dimensions 5 and 6.
Abstract. We give a transparent description of the one-fold smooth suspension of Fintushel-Stern's exotic involution on the 4-sphere. Moreover we prove that any two involutions of the 4-sphere are stably (i.e., after one-fold suspension) smoothly conjugated if and only if the corresponding quotient spaces (real homotopy projective spaces) are stably diffeomorphic. We use the Atiyah-Patodi-Singer eta-invariant to detect smooth structures on homotopy projective spaces and prove that any homotopy projective space is detected in this way in dimensions 5 and 6. This paper is organised as follows. In Section 2 we formulate main theorems of the paper and give, for readers convenience, some basic material concerning involutions on manifolds and exotic involutions on S4. This section is concluded by a sketch of the proof of main theorems. In Section 3 we gather some basic facts about Pin+ and Pinc operators and their eta-invariant. In Section 4 we study involutions on S5 and S6. We give here an explicit and simple description of all (up to smooth conjugation) smooth involutions on these spheres, and prove that all these involutions can be detected by the eta-invariant. This will prove Theorem A of Section 2. We also include here some auxiliary technical lemmas which explain how the eta-invariant is affected by doing surgery on a given manifold. Section 5, being the core of the whole paper, is devoted to a more profound study of Fintushel-Stern's exotic involution. We describe here a "stratified" surgery, which is the key tool for the proof of main theorems, and prepare some auxiliary topological propositions. This surgery provides an alternative method for constructing exotic involutions on S4 and, possibly, for describing them by a transparent formula (see Remark 2 in Section 5). In the final section we apply the methods described in the preceding Sections, to prove main theorems. Let 
Main theorems.
In this section we formulate our main theorems of the paper . We precede these theorems by some background material concerning smooth free involutions on manifolds and exotic involutions on S4 of Cappell [8] it has been proved that FRP4CS(A) is a 4-dimensional homotopy real projective space which is never diffeomorphic to the ordinary projective space RP4 . It is not known if the universal covering space of FRP4CS(A) is always diffeomorphic to the ordinary sphere S4 . Now let us confine ourselves to the case of the matrix
•¬ A0 is a CS-matrix and we denote by FRP4CS the Cappell-Shaneson exotic projective space associated to this matrix. In [14] Gompf proved that the universal covering space of FRP4CS is diffeomorphic to S4, and therefore FRP4CS can be viewed as the quotient manifold of the form S4/TCS, where TCS is a (smooth fixed point-free) involution on S4 . The author does not know if the Cappell-Shaneson exotic involution TCS is equivalent to the Fintushel-Stern involution TFS. However, we shall prove that the smooth suspensions of these two involutions are equivalent and that both of them are given by a simple formula . Thus the one-fold suspension of the Fintushel-Stern involution is given by a simple construction and can be described by a transparent formula. 3. Pin-structures, Dirac-type operators and the eta-invariant. For convenience of the reader we collect in this section some basic facts concerning Pin-structures on manifolds, Dirac-type operators and the eta-invariant. Since the material presented here is now standard and can be found in many papers (see [3] , [5] , [13] ), we will omit proofs.
Let ƒ¿ denote one of the symbols +, -or c and ƒÃ=•}1. Then a Lie group Pinƒ¿ is welldefined (see [16] , [3] , [5] (b) FRP4CS is stably diffeomorphic to FRP4FS, but not to the ordinary projective space R P4.
The eta-invariant (mod Z) of the Pinc-operator proves to be a useful tool for detecting exotic projective spaces (or, equivalently, exotic involutions of spheres) in dimension 6. However, it is completely useless in the case of odd-dimensional (orientable) projective spaces due to its limited range (see also Commentary 2.1). The following definition introduces an invariant, which will extricate us from this unpleasant situation. 4. Homotopy projective spaces of dimensions 5 and 6 versus the eta-invariant. In this section we apply the eta-invariant of the Pinc-operator to classify 5 and 6-dimensional smooth projective spaces. In particular, we prove Theorem A of Section 1. We also prove some auxiliary propositions which explain how doing surgery affects the eta-invariant. Let In order to prove this corollary and to finish the proof of Theorem A of Section 2, it sufficies now to recall that there exist, up to equivalence, 4 involutions of homotopy spheres in dimensions 5 and 6 ([20] ). Therefore they must be our involutions T5i (resp. T6i), i= 0, 1, 2, 3. This concludes our study of 5 and 6-dimensional homotopy projective spaces. 5 . Fintushel-Stern's exotic involution on S4. In this section we give a detailed study of the Fintushel-Stern exotic involution on S4. In particular, we prove a fundamental technical proposition (Proposition 4 below), which gives a link between the Fintushel-Stern exotic involution on S4 and involutions on higher-dimensional spheres. Roughly speaking, this (a) M5 is a Pin+-manifold. Let two sequences of Z2-manifolds defined to be It is to be stressed that •¬ need not to be obtained from ‡" (3, 5, 19) FRP4 2. This proves the "if" part of Theorem C. In order to prove the "only if" implication of Theorem C, let us recall that there exist precisely two stable diffeomorphism classes of 4-dimensional homotopy projective spaces represented by RP4 and FRP4FS (in order to prove this use the above-mentioned result of [15] and The proof of the corresponding assertion for FRP40 stably diffeomorphic to RP4 is completely analogous, and hence is omitted. This concludes the proof of Theorem C. Now all the assertions in this paper are proved.
